Abstract: This paper presents and solves a problem related to decomposing 1 into a sum of unit fractions. Decomposition into two terms, composition of two terms, decomposition into three terms, and other methods are used to find ways to maximize the number of unique terms, and a decomposition into 42 terms is demonstrated.
Starting with Perfect Numbers
A fraction with 1 as its numerator is called a unit fraction, and 1 can be decomposed into a sum of unit fractions. A simple decomposition is as follows. About 20 years ago, I began thinking about a certain problem related to unit fractions [1] . Limiting ourselves to two-digit denominators (in other words, natural numbers of 99 or less), what is the largest number of unit fraction terms that will sum up to 1?
A given natural number m is called a perfect number when the sum of its divisors (including 1, but excluding m) equals itself. As an example, 6 is a perfect number, as is 28 (with divisors 14, 7, 4, 2, and 1): 28 = 14 + 7 + 4 + 2 + 1.
Dividing both sides by 28 results in a decomposition of 1 into a sum of unit fractions with five terms:
There are many other perfect numbers (496, 8128, 33550336, and 8589869056, for example). While we could similarly decompose these numbers as above, the condition that each denominator must be 99 or less limits which ones we can use. For example 496 is out because two of its divisors have three digits: 496 = 248 + 124 + 62 + 31 + 16 + 8 + 4 + 2 + 1.
By trial and error I managed to find a sum of 42 terms that met the conditions. I also learned that different methods of decomposition lead to different solutions. What I did not accomplish was a proof that 42 was the largest possible number of terms, so for all I know a 43-term solution awaits.
In this article, I would like to show how I found my 42-term solution. Please note that this is a fun problem to work on, so the motivated reader may wish to take a stab at it before reading on and then compare our solutions.
Decomposition and Composition Into Two Terms
Let's begin with the following 3-term solution:
Since we know that we will be dealing with unit fractions, we can save space by omitting the unit numerators, writing fractions like 1 2 , 1 3 , 1 6 as /2, /3, /6. This allows us to rewrite the equation above as follows.
From this, we can further decompose the initial /2 term for a total of 9 terms. We can generalize our methods for decomposition and composition into five rules, as follows.
Rule 1: Decomposition Into Two Terms: Let's look at how a unit fraction /n can be decomposed into two differing unit fractions. Assume that the unit fraction's denominator can be factored as n = a × b, where a, b are allowed to be 1. This allows for decomposition into two unit fractions, as follows
For example, for the unit fraction /30 we have n = 30, which can be factored as 30 = 5 × 6. Then, n = 30, a = 5, b = 6,
We can repeat this to create as many decompositions as we like. Doing so to the /3, /6 above results in the following.
Doing this is relatively simple by hand, but you can also use spreadsheet software to speed things along.
We can do this again for the /42, /7 terms in Equation (3).
/42 = /(6 × 7) = /(6 × (6 + 7)) + /(7 × (6 + 7)) = /78 + /91
The following are some more applications of Rule 1. 
Rule 2: Decomposition Into n Terms by Multiplying the Denominator by n
Multiplying the denominator a of /a by n decomposes the unit fraction into n unit fraction terms with n × a as a denominator
Using cases of n = 2 or n = 3, we get the following. 
Decomposing Into Three Terms
In Rule 3 of the previous section, I mentioned that a decomposition as follows is possible /12 = /26 + /39 + /52.
Let us consider how we might decompose a unit fraction 1/m into three terms. The key to doing so is finding three numbers a, b, c such that their least common multiple is the denominator m. We then multiply the numerator and the denominator of the original unit fraction 1/m by the sum of those three numbers, a + b + c Let's take 1/12 as an example, and decompose it into three terms. Three numbers having 12 as their lowest common multiple are 3, 4, and 6, the sum of which is 3 + 4 + 6 = 13. We therefore want to multiply the denominator of the unit fraction 1/12 by (3 + 4 + 6) 
A Maximum of 62 Terms
As it turns out, repeated composition and decomposition of two and three terms to find increasingly long sums equal to 1 is an excellent way to kill time. But just how far can we take it? A bit of integral calculus allows one to predict that the maximum value must be 62, as follows.
We wish to compare the sum of the unit fractions with an integral for the parabola y = 1/x. Taking [1, n] as the limits of integration, the interval width of x becomes n − 1, so we can use rectangular approximation with n − 1 rectangles to derive the following inequality Some manipulation of the inequality gives
and since the integral for y = 1/x is log x, we get
The larger the denominator in a unit fraction the more terms we can add, so we should start with 99 and work our way down. In other words, we will begin with The inequality on the right says that in order for the sum of the unit fractions to not exceed 1 we must have log 99 − log n + 1 n < 1.
Solving for n, we get n = 38.
This indicates a sum from 1/38 to 1/99, so the number of terms is 99 − 38 + 1 = 62. I have found a solution with 42 terms, so a maximum of 62 sounds reasonable. Perhaps a bit more searching would repair those places by removing the need for the compositionsc
